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ABSTRACT
Recently Splaver et al. have measured the masses of the white dwarf and the neutron star (NS) 
components of the PSR J1713+0747 binary system pair by means of the general relativistic 
effect known as Shapiro delay with very high accuracy. Employing these data we attempt 
to find the original configuration that evolved to the observed system. For this purpose we 
perform a set of binary evolution calculations trying to simultaneously account for the masses 
of both stars and the orbital period. In doing so, we considered normal (donor) stars with an 
initial mass of 1.5Mq, while for the neutron star companion we assumed a mass of 1.4 Mq. 
We assumed two metallicity values for the donor star (Z = 0.010 and 0.020) and that the 
initial orbital period was nearly 3 d. In order to get a good agreement between the masses of 
the models and observations we had to assume that the NS is only able to retain <0.10 of 
the matter transferred by the donor star. Calculations were performed employing the binary 
hydro code developed by Benvenuto & De Vito, that handles the mass transfer rate in a fully 
implicit way together with state-of-the-art physical ingredients and diffusion processes. Now 
our code also includes a detailed non-grey treatment for the atmospheres of white dwarfs 
(WDs).
We compare the structure of the resulting WDs with the characteristic age of PSR 
J1713+0747 finding a nice agreement with observations by Lundgren et al. especially for 
the case of a donor star with Z = 0.010. This result indicates that, at least for the purposes of 
this paper, the evolution of this kind of binary system is fairly well understood.
The models predict that, due to diffusion, the atmosphere of the white dwarf is an almost 
hydrogen-pure one. We find that such structures are unable to account for the colours measured 
by Lundgren et al. within their error bars. Thus, in spite of the very good agreement of the 
model with the main characteristics of the system, we find that some discrepancies in the WD 
emergent radiation remain to be explained.
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1 INTRODUCTION
PSR JI713+0747 was discovered in a survey for millisecond pul­
sars (MSPs) with the 305-m Areceibo radio telescope (Foster, 
Wolszczan & Camilo 1993). It has been found that the pulsar has a 
spin period of 4.57 ms. Systematic changes in the apparent pulsar 
period have indicated the binary nature of this object. Foster et al. 
(1993) made the first determination of the binary model parameters 
ofPSRJ1713+0747. They found a nearly circular, 67.8-d binary or­
bit with a low-mass white dwarf (WD) companion. They estimated 
the companion mass via the mass function. Assuming the canonical 
value for the mass of the neutron star(NS)(MNS = 1.4MQ)they set 
a lower limit for the companion mass of MWD + 0.28 Mq . Clearly, 
PSR J1713+0747 belongs to the family of NSs recycled by mass 
and angular momentum transfer from its normal (donor) companion 
(Alpar et al. 1982). This process leads to the formation of an MSP 
together with a cool WD companion. For a recent review on this 
kind of binary systems see Stairs (2004).
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PSR J1713+0747 has been continuously observed with an in­
creasing degree of accuracy, which has been large enough to reveal 
the general relativistic effect known as Shapiro delay. This occurs 
due to a slight change in the arrival time of pulsar radiation due to 
the curvature of space near the WD companion of the MSP. Ac­
cording to general relativity, pulses are retarded as they propagate 
through the gravitational potential well of the WD. The first detec­
tion of Shapiro delay in PSR J1713 +0747 is due to Camilo, Foster & 
Wolszczan (1994). They were able to set lower limits of the masses 
oftheWD(MWD > 0.27Mq) and NS (MNS > 1.2M0).
In a very recent work, Splaver et al. (2005) have reported the re­
sults of 12yr of observations of PSR J1713+0747. The timing data 
yielded a large improvement in the measurements of the Shapiro de­
lay that allowed for the determination of the individual masses for 
both components of the system. In principle, Shapiro delay yields 
MWD and sin i, where i is the inclination angle. In practice, unless 
sin/ ~ 1, Shapiro delay is highly covariant with a, sin/1 in the 
timing model fit and hence difficult to measure. Nevertheless, as 
shown by Splaver et al. (2005), in the case of PSR JI713+0747 
Shapiro delay can be clearly distinguished. These high-precision 
detections allow for the masses of the pulsar and the companion 
star to be separately measured, being MNS = 1.3 ± 0.2 Mq and 
Mwd = 0.28 ± 0.03 Mq. These authors repeat the statistical anal­
ysis of timing solutions, now combined with the theoretical orbital 
period-core mass relation, and they obtain a larger mass for the NS: 
Mns = 1.53to^MQ (68 per cent confidence).
1 a\ is the orbital semimajor axis.
The pulsar masses in systems that evolve into pulsar-WD bina­
ries are expected to be larger that those in NS-NS binaries (in the 
last case, the pulsar masses are expected within the range 1.25— 
1.44 Mq). This is because the systems that evolve into pulsar-WD 
systems undergo extended periods of mass transfer. In a binary pop­
ulation study performed by Thorsett & Chakrabarty (1999), the au­
thors find a narrow Gaussian distribution with a mean of 1.35 Mq 
and a width of 0.04 Mq . The mass derived when the orbital period­
core mass relation is imposed in PSR J1713+0747 implies a sig­
nificantly heavier NS. Apart from PSR J1713+0747 there are other 
MSP plus WD systems for which it has been possible to measure 
the Shapiro delay and the masses of each component of the pair. 
One of them is PSR J0437—4715 (van Stratenet al. 2001) for which 
Mwd = 0.236 ± 0.017 Mq, and MNS = 1.58 ± 0.18 Mq. The other 
is PSR B1855+09 for which MWd = 0.258t^ Mq and MNS = 
lAOtg^MQ for the pulsar mass (Kaspi, Taylor & Ryba 1994). 
The uncertainties on all these measurements are large and the ques­
tion of the distribution of pulsar masses in these systems remains 
open.
One very important parameter is the characteristic age of the 
pulsar tpsr. The age of a spin-down powered pulsar is given by 
tpsr —
p
(n - 1)P (1)
where P is the pulsar period, P the temporal derivative of the pe­
riod, Po is the initial period and n the braking index. For magnetic 
dipole radiation we have n = 3, and if we assume Po << P, the 
pulsar spin-down age is given by tPSr = P/(2P), the ‘character­
istic age’ of the pulsar. The uncertainty in the pulsar age is caused 
by n and Po. On the other hand, the transverse velocity of the pul­
sar causes an apparent acceleration that contributes to the observed 
period derivative. Ignoring this latter effect can lead to erroneous 
estimations of the characteristic pulsar age. Splaver et al. (2005) 
found for PSR J1713+0747, tPSr = 8Gyr. Using the restrictions 
for the mass of the WD in this system, Hansen & Phinney (1998) 
obtain cooling ages in the range 6.3-6.8 Gyr, but if they consider 
the dispersion measure distance estimates, they can obtain cooling 
ages up to 13.2Gyr.
If the pulsar has a close companion WD, we expect the cooling 
age for the WD to approximately match the age of the pulsar. For the 
kind of systems we are here interested in, tpsr should correspond 
to the age of the helium WD (hereafter He WD) counted since the 
end of the main (initial) Roche lobe overflow (RLOF) episode. This 
is so because the initial RLOF is the only one able to transfer the 
amount of matter needed to spin up the NS (M).l Mq). As we shall 
show below, models of normal stars leading to the formation of the 
WD companion suffer from at least one hydrogen thermonuclear 
flash leading to a supplementary RLOF. However, these flash-driven 
RLOFs are not relevant in spinning up the NS because of the tiny 
amount of transferred matter (Benvenuto & De Vito 2004). Because 
of these reasons, the WD in PSR J1713+0747 should have spent a 
time of tpsr 8 Gyr since the end of the main RLOF episode.
The aim of this work is to test the present status of the theory of 
stellar evolution in binary systems by computing a set of evolution­
ary tracks in order to reproduce the main characteristics of the PSR 
J1713+0747 system, particularly the masses of the components, the 
orbital period and the characteristic time-scale for the cooling of the 
WD. In our opinion this is an interesting problem because of the 
high precision of the measurements performed for the system we 
are dealing with.
The WD companion of PSR J1713+0747 has been detected by 
Lundgren, Foster & Camilo (1996) with Hubble Space Telescope 
(HST) observations (see Table 1). This fact provides us with the 
interesting possibility of confronting theory with observations. In 
doing so we shall employ the available observational data of the WD 
in PSR J1713+0747 as a test of the accuracy of our evolutionary 
calculations and not as the main data to account for. We shall do 
so because of two reasons. First, we judge that the accuracy of the 
radioastronomical measurements of the system is so high that they 
should be considered as the fundamental quantities for this problem. 
Secondly, this procedure is interesting in order to gauge the ability 
of the binary stellar evolution theory combined with atmosphere 
models in predicting the characteristics of a WD and to evaluate 
the possibility of helping for a first optical detection of WDs as 
companions of MSPs.
Regarding the viability of this procedure, we should quote that 
recently, Benvenuto & De Vito (2005) have been able to account
Table 1. Main characteristics of the WD 
component of the PSR J1713+0747 system, 
taken from Lundgren et al. (1996). The num­
bers in parentheses represent the uncertainty 
in the last digits quoted.
Quantity Measured value
mB >27.1
my 26.0(2)
mi 24.1(1)
B - V >1.1
V — I 1.9(2)
m — M 10.2(5)
Eb-v 0.08(2)
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for the masses, orbital period and characteristics evolutionary time­
scales of the WDs in PSR J0437-4715 and PSR B1855+09.
Our particular interest on this type of systems has been focused 
on to the study of low-mass He WDs (see Benvenuto & De Vito 
2004, 2005). Besides, these systems are appropriate for testing our 
evolutionary models of cooling He WDs.
The remainder of the paper is organized as follows. In Section 2, 
we present the numerical code we have employed. In Section 3, 
we describe the evolutionary results we have found for the PSR 
J1713+0747 binary system. Finally, in Section 4 we discuss the 
implicates of our calculations and summarize the main conclusions 
of this work.
2 THE NUMERICAL CODE
The binary stellar evolution calculations presented below have been 
performed employing the stellar code described in Benvenuto & 
De Vito (2004) now with a non-grey model atmosphere as detailed 
in Rohrmann (2001). We briefly mention that our code employs 
a generalized Henyey technique that allows for the computation of 
mass transfer episodes in a fully implicit way (Benvenuto & De Vito 
2003). The code has an updated description of opacities, equation 
of state, nuclear reactions and diffusion while we simultaneously 
compute orbital evolution considering the main processes of angular 
momentum loss: angular momentum carried away by the matter lost 
from the system, gravitational radiation and magnetic braking. To 
be more specific, in accounting for the magnetic braking we follow 
Podsiadlowski, Rappaport & Pfahl (2002) and incorporate equation 
(36) of Rappaport, Verbunt & Joss (1983), assuming y = 4. We 
neglect irradiation of the donor star by the MSP.
In our treatment of the orbital evolution of the system, we shall 
consider that the NS is able to retain a fraction f> of the material 
coming from the donor star: MNS = —ftM (where MNS is the 
accretion rate of the NS and M the mass transfer rate from the 
normal star), ft should be considered as a free parameter, because 
at present it is not possible to compute it from first principles.2 For 
simplicity, it will be considered as a constant throughout all the 
RLOF episodes. We shall assume that the material lost from the 
binary system carries away the specific angular momentum of the 
compact object.
2 For the cases of PSR J0437—4715 and PSR B18554-09, in order to account 
for the characteristics of each of these systems, it has been found (Benvenuto 
& De Vito 2005) that fl should be <0.12.
In our previous works on binary evolution we have considered 
grey atmospheres. Now, for a proper treatment of the cooling be­
haviour of the WD companion of the MSP, we have incorporated 
detailed non-grey model atmospheres as an outer boundary condi­
tion for evolutionary models of the WD. The use of non-grey atmo­
spheres for this purpose is particularly important in the late stages 
of He WD cooling (Serenelli et al. 2001). Besides, the atmosphere 
code allows us to determine the emergent flux from the WD and to 
interpret its magnitudes and colours.
The procedures employed in the calculation of local thermody­
namic equilibrium model atmospheres are basically the same as 
described in Rohrmann (2001) and Rohrmann et al. (2002). Models 
are computed assuming hydrostatic and radiative-convective equi­
librium. Convective transport is treated within the mixing-length 
theory. We include line blanketing by Lyman lines of hydrogen 
and helium, and the pseudo-continuum opacity from the Balmer 
and Paschen edges. Collision-induced absorption (CIA) becomes 
an important source of infrared opacity in WDs cooler than Teff 
5000 K. Our code includes a detailed description of CIA due to H2- 
H2 (Borysow, Jorgensen & Fu 2001), H2-He (Jorgensen et al. 2000) 
and H-He (Gustafsson & Frommhold 2001). Chemical equilibrium 
is based on the occupation probability formalism as described in 
Rohrmann et al. (2002), and includes H, H2, H+, II. Hj, H^, He, 
I Ie . He+, He2+, He, and HeH+. Ionic molecules He, and HeH+ 
were incorporated recently (for details, see Gaur et al. 1988 and Har­
ris et al. 2004). We also added the continuous absorption opacity of 
He, following Stancil (1994).
In order to optimize the numerical effort, initially we shall com­
pute the evolutionary sequences employing grey atmospheres. In 
this way, we search for the correct configuration for the binary sys­
tem able to account for the main characteristics of the binary system 
(masses, orbital period and characteristic age). After identifying a 
plausible configuration, we have at hand a complete evolutionary 
track from the zero-age main-sequence (ZAMS) up to the end of 
the WD cooling sequence. Then we rerun the code, now including 
the non-grey stellar atmosphere. In doing so, we shall start this de­
tailed computation from the top of the last cooling track, near the 
conditions in which the star has its absolute maximum effective tem­
perature. In this way, we avoid computing a full evolutionary track 
with a non-grey atmosphere without missing relevant detail of the 
physics of the problem we are interested in. This is very important 
in order to keep the numerical computations affordable.
3 RESULTS
In order to account for the main characteristics of the PSR 
J1713-I-0747 binary system we have computed a set of evolution­
ary models. As stated above, our primary quantities are the masses 
and orbital period and the observed WD conditions are employed 
as a test of how plausible is the theory of binary stellar evolution 
we are employing. For this purpose we have to set values for many 
initial parameters. We shall assume the initial mass of the normal 
component of the pair to be 1.5 Mq while for the NS we employ its 
‘canonical value’ of Mns = 1.4 Mq. Here, we shall consider two 
values for the metallicity of the normal star: Z = 0.010 and 0.020.
Regarding mass transfer, we have assumed that M2 = —flM\ 
where subindex 1 (2) corresponds to the normal (neutron) star. As 
fi is constant, this implies that M2 4- f3Mi = 4- f3M\ where
superscript (i) indicates that these are initial masses. Immediately 
we find ft = (M2 — — Mi). If we assume that the NS has
accreted < 0.1 Mq, then f> < 0.10. Hereafter, we shall adopt the 
upper limit value of f> = 0.10.
After considerable search in the parameter space we found two 
plausible solutions. These are a pair with the above-mentioned 
masses, ametallicity of Z = 0.010 and an initial period P, = 3.05 d 
and another with Z = 0.020 and an initial period P, = 3.10 d. 
From here on, we shall explore the evolution of these systems and 
its comparison with observations. While we have not performed 
(a very time-consuming) finer exploration in the parameter space, 
we interpret that these two systems are suitable for our purposes. In 
any case it is worth mentioning that significantly lower-mass values 
for the donor star would require times in excess of the Hubble time 
in order to get a dim WD object like the one observed for the system 
we are studying here. Also, longer initial periods would force the 
system to undergo a common envelope episode because at the onset 
of the RLOF, the donor star would have a very deep outer convective 
zone (hereafter OCZ) and consequently to a considerable shrinkage 
of the orbit.
We decided not to explore in detail the possibility of a lower value 
for the metallicity. As it will be clear below, the systems we have
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Figure 1. Evolutionary tracks for stars with an initial mass of 1.50 Mq as companions of an NS with a canonical mass value of 1.4 Mq. Left-hand panel 
corresponds to the case of an abundance of Z = 0.010 and an initial period of 3.05 d. Right-hand panel corresponds to the case of solar chemical composition 
and an initial period of 3.10d. For the case of Z = 0.010 the star undergoes two hydrogen thermonuclear flashes while for Z = 0.020 the object experiences 
only one. For comparison, we also include the luminosity and effective temperature for the WD in the PSR J1713-I-0747 as deduced from our models with a 
solid circle with its corresponding error bars. See text for further details.
chosen produce WD objects with mass values compatible with the 
(1 cr) error bar but almost in its upper limit. If we look for values of 
Z < 0.010 we would find a larger final WD mass as it is clear from 
the mass-period relation given by Nelson, Dubeau & MacCannell 
(2004)
log I — I = 10.71 — I + 0.3 log Z - 0.98277. (2)
Thus, for lower Z-values from the ones considered here we would 
find WD masses in excess from the observed error bars. This result 
suggests that a metallicity lower than Z < 0.010 is unlikely.
The evolutionary tracks followed by the normal star of the system 
are shown in Fig. 1 for each metallicity value considered here. In 
both cases the star completes its core hydrogen burning, evolves to 
the red giant branch and develops an OCZ. In these conditions the 
star overflows its Roche lobe which corresponds to the onset of the 
initial mass transfer episode. In Fig. 2, we show the evolution of the 
period of the system as a function of the masses of the components 
of the pair. For both cases the mass of the donor star finally falls 
inside the lcr error bar. For the case of the NS, its final mass is 
slightly larger than the one found by Splaver et al. (2005) but inside 
the error bar of the allowed mass interval if a theoretical mass-radius 
relation is considered. In view of its present large uncertainty, we 
shall consider the mass value for the NS as acceptable.
It is important to remark that, in both cases we have found that 
during the initial RLOF the mass transfer is stable and the system 
does not suffer from a common envelope episode (see Podsiadlowski 
et al. 2002 and Benvenuto & De Vito 2005 for similar results). After 
the RLOF the star contracts and diffusion carries hydrogen inwards 
up to the point at which the bottom of the hydrogen envelope is hot 
enough to ignite hydrogen in semidegenerate conditions (Althaus, 
Serenelli & Benvenuto 2001). Then a thermonuclear flash occurs. 
In the case of Z = 0.010 the star undergoes two flashes while for 
Z = 0.020 the object experiences only one. After flashes the star 
cools down as a He WD with an outermost layer rich in hydrogen. 
For further details see, e.g. Benvenuto & De Vito (2004, 2005) (see 
also Sarna, Ergma & Gerskevits-Antipova 2000 and Nelson et al. 
2004). The main characteristics of the WD final cooling tracks are
M,/Mo
Figure 2. Mass versus period for the evolutionary sequences shown in 
Fig. 1. Dotted lines represent the case of the system with 1.50 Mq, a metal­
licity of Z = 0.010 and an initial period of Pi = 3.05 d. Meanwhile, solid 
lines stand for the case of the same initial mass but a metallicity of Z = 
0.020 and an initial period of Pi = 3.10 d. Vertical short dashed lines on the 
left-hand side represent the observed mass of the WD companion with its 
corresponding error, while the vertical short dashed lines on the right-hand 
side correspond to the mass of the NS also with its error bar. The other 
estimation of the NS mass derived employing the orbital period-core mass 
relation (see Section 1) is shown with vertical dot-short dashed lines. The 
horizontal long dashed line represents the observed orbital period (known 
with a very large degree of accuracy). The conditions considered for an evo­
lutionary sequence to be acceptable to account for the characteristics of the 
PSR J17134-0747 system are that both final masses (of the WD and NS, 
respectively) must be inside the error bars and reach the observed orbital 
period.
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Table 2. Selected evolutionary stages for the system with a metallicity of Z = 0.010, initial period of 3.05 d. We tabulate the age, effective temperature, 
logarithm of the luminosity, logarithm of the central temperature, logarithm of the central density, the mass fraction embraced in the OCZ, the fractional amount 
of hydrogen in the whole star, the gravitational acceleration at the stellar surface, absolute visual magnitude, colour indices and the BC. Quantities without 
specified units are given in CGS. The final mass and orbital period values for this system are Mf = 0.299 4507 Mq and Pf = 68.288 d, respectively.
Age (Gyr) T'eff
(U-B)
log(i/Lo)
(B - V)
log Pc
(V-7?)
log pc
(V- K)
103 qocz
(R-I)
104
(J ~H)
logg
(H-K)
My 
(K-L)
BC
2.245 10772 -2.167 7.263 5.647 0.000 7.492 7.165 10.582
-0.404 0.060 0.010 -0.143 0.004 0.047 -0.116 -0.036 -0.413
2.425 9424 -2.439 7.160 5.662 0.000 7.473 7.205 11.124
-0.452 0.140 0.083 0.153 0.083 0.090 -0.097 -0.033 -0.274
2.872 7622 -2.858 6.999 5.678 0.001 7.450 7.256 12.062
-0.517 0.280 0.201 0.698 0.206 0.178 -0.059 -0.012 -0.166
3.515 6301 -3.223 6.866 5.687 0.016 7.430 7.290 12.924
-0.390 0.451 0.312 1.221 0.319 0.267 -0.011 0.035 -0.114
5.515 4812 -3.756 6.659 5.697 9.747 7.406 7.355 14.450
0.060 0.798 0.523 2.071 0.525 0.366 0.057 0.170 -0.308
8.001 4184 -4.021 6.480 5.702 9.747 7.405 7.377 15.234
0.233 0.968 0.631 2.085 0.632 0.138 -0.021 0.387 -0.430
10.118 3750 -4.220 6.349 5.705 7.303 7.407 7.385 15.684
0.302 1.067 0.690 1.558 0.677 -0.176 -0.167 0.763 -0.382
14.967 2995 -4.620 6.109 5.709 3.907 7.406 7.395 16.337
0.489 1.223 0.700 0.181 0.480 -0.386 -0.438 1.738 -0.035
19.919 2502 -4.936 5.935 5.710 1.853 7.405 7.399 16.768
0.654 1.331 0.594 -0.876 -0.065 -0.269 -0.734 2.557 0.324
Table 3. Selected evolutionary stages for the system with a metallicity of Z = 0.020, initial period of 3.10 d. Columns have the same meaning as in Table 2. 
The final mass and orbital period values for this system are Mf = 0.303 3765 Mq and P f = 67.762 d, respectively.
Age (Gyr) T'eff
(U -B)
log(i/Lo)
(B - V)
logTc
(V-B)
log pc
(V- K)
103 qocz
(R-I)
104
(J ~H)
log#
(H-K)
My 
(K-L)
BC
3.191 10582 -2.176 7.194 5.673 0.000 16.696 7.150 10.579
-0.404 0.070 0.018 -0.110 0.013 0.052 -0.114 -0.036 -0.387
3.542 9141 -2.480 7.066 5.686 0.000 16.428 7.199 11.203
-0.466 0.159 0.100 0.227 0.102 0.100 -0.093 -0.031 -0.253
4.010 8104 -2.721 6.969 5.694 0.001 16.194 7.230 11.745
-0.514 0.238 0.168 0.537 0.172 0.150 -0.071 -0.021 -0.192
5.059 6895 -3.035 6.863 5.701 0.006 15.868 7.264 12.467
-0.478 0.362 0.256 0.966 0.263 0.226 -0.036 0.008 -0.128
7.054 5778 -3.376 6.772 5.706 0.140 15.531 7.298 13.323
-0.260 0.557 0.374 1.483 0.380 0.301 0.020 0.069 -0.132
10.272 4713 -3.788 6.635 5.713 11.219 15.300 7.356 14.558
0.090 0.826 0.541 2.116 0.543 0.364 0.044 0.194 -0.336
15.114 3707 -4.235 6.330 5.719 7.882 15.274 7.386 15.712
0.320 1.077 0.695 1.480 0.678 -0.202 -0.192 0.818 -0.372
20.711 2851 -4.701 6.072 5.723 3.363 15.257 7.396 16.444
0.535 1.254 0.679 -0.106 0.363 -0.368 -0.507 1.959 0.061
24.505 2520 -4.918 5.944 5.724 1.923 15.257 7.399 16.737
0.647 1.326 0.599 -0.828 -0.038 -0.273 -0.713 2.517 0.309
given in Tables 2 and 3 for the cases of Z = 0.010 and 0.020, 
respectively.
In Fig. 3, we show the luminosity of the models as a function 
of the age counted since the end of the initial RLOF. Notice that, 
in spite of the fact that the masses of the WDs of both considered 
cases are very similar, there is an important difference regarding the 
cooling of the models. As models with Z = 0.010 evolve faster than 
those with Z = 0.020, the WD is predicted to be fainter. Specifically, 
at the characteristic age of the MSP, for the case of the evolutionary 
track with Z = 0.010 (Z = 0.020) the WD has a luminosity of 
log (L/Lq) = — 4.210(—3.825). In Fig. 4, we show the evolution 
of the absolute visual magnitude as a function of the age of the star 
counted since the beginning of core hydrogen burning.
In Fig. 5, we show the final mass-orbital period relation for 
low-mass He WDs in orbit with MSPs including the one in PSR 
J1713+0747 system and the other well-determined cases (in PSR 
J0437—4715 and PSR Bl855+09 systems) together with some re­
cent calculations by Sarnaet al. (2000), Podsiadlowski et al. (2002), 
Nelson et al. (2004) and Benvenuto & De Vito (2005), and also the 
relations given by Rappaport et al. (1995) and Nelson et al. (2004). 
The WD in PSR J1713 +0747 system is the most massive among the 
three accurately measured WDs of this type. While the mean value
© 2006 The Authors. Journal compilation © 2006 RAS, MNRAS 366, 1520-1528
White dwarf in PSR J1713+0747 system 1525
Log(t—10) [y]
Figure 3. Evolution of luminosity as a function of time counted since 
the end of the initial mass transfer episode. Solid and dotted lines have the 
same meaning as in Fig. 2. The vertical dot-short dashed line represents the 
characteristic time-scale of the MSP which, because of evolutionary reasons, 
should correspond to the present conditions of the He WD. Horizontal short 
dashed lines stand for the luminosity the WD should have at the characteristic 
age of the pulsar.
Log t [y]
Figure 4. The evolution of the absolute visual magnitude as a function of 
the age of the star counted from the ZAMS on.
of A/wd = 0-28 Mq is marginally compatible with the available 
calculations, the la value of A/wd = 0.31 MO is in nice agreement 
with previous computations as well as with those performed in this 
paper.
Having determined the possible evolutionary sequences followed 
by the normal, donor star in PSR J1713+0747 binary system, we 
are in a position to analyse the observational appearance of the 
last contraction towards the WD regime. In Figs 6 and 7. we show 
the computed ((B — V). (V — /)) colour-colour and (Mv.(V — 
I)) magnitude-colour diagrams. Observations of cool WDs (sym­
bols) have been plotted for comparison. The cooling curves at Z 
= 0.010 (dotted lines in Figs 6 and 7) and Z = 0.020 (solid lines 
in the same figures) are essentially identical because both tracks
0.2 0.3
Mf [M0]
Figure 5. The mass versus orbital period relation for He WDs and the WD in 
PSR JI 713+0747 system. Starred hexagons denote the two cases considered 
here that account for the characteristics of the system we are studying here. 
Solid (dotted) line denotes the relation predicted by Nelson et al. (2004) for 
a metallicity value of Z = 0.020 (Z = 0.010). Dot-short dashed line depicts 
the relation given in Rappaport et al. (1995) together with its uncertainty, 
shown by short dashed lines. Filled squares, green hollow hexagons, hollow 
stars and tilled pentagons stand for data from Benvenuto & De Vito (2005) 
(for Z = 0.020); Podsiadlowski et al. (2002) (for Z = 0.020) and Sarna et al. 
(2000) (for Z = 0.020 and 0.010, respectively) . We also include the other 
two accurately measured masses (in PSR J0437—4715 and PSR B1855+09 
systems) of low-mass WDs in binary systems together with MSPs.
correspond to very similar stellar masses (M = 0.302 Mq within 
1 per cent) and atmospheric composition. The main difference 
between the two evolutionary solutions arises from the cooling ages 
(labels on the plots).
Since gravitational settling dominates the chemical stratification 
after a relatively short cooling time (typically 0.1 Myr), evolutionary 
calculations predict that the WD has mostly hydrogen floating at its 
visible surface (photosphere). The formation of molecular hydrogen 
becomes important as the star cools down. The II , CIA opacity is 
very strong in the infrared and largely determines the shape of the 
spectral energy distribution for cool WD models. As a consequence 
of the molecular opacity, the (V — I) colour becomes bluer when 
the effective temperature falls below 3600 K. The turnoff of the WD 
cooling sequencesis located at(V —/) « 1.4. with Afy * 15.8 and 
(B - V) == 1.1.
As stated in Section 1. optical observations of the pulsar com­
panion have been carried out by Lundgren et al. (1996) (see 
Table 1). The timing parallax distance of 1.1 ± 0.1 kpc yields a 
distance modulus in — M = 10.2 ± 0.2. If we adopt an interstel­
lar absorption of Ay = 0.1 as a conservative estimate (Burstein 
& Heiles 1982), the absolute visual magnitude of the pulsar com­
panion is My = 15.7 ± 0.4. Thus, the observed companion is lo­
cated near the turnoff of the evolutionary sequences (where Teff < 
3600 K) although appeal's redder in the (V — I) colour (see Figs 6 
and 7). Unfortunately, multicolour optical observations only pro­
vide a lower limit for (B — V) colour such that it offers a relatively 
poor constraint. The observed (V — I) colour is ^0.4 mag redder 
than the cooling sequences. It is worth noting that, due to the CIA
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(v-i) (V-I)
Figure 6. The evolutionary tracks of the models considered in this paper as 
representative oftheWD in PSR J1713+0747 system in the (B — V) versus 
(V — I) plane. The dotted (solid) line stands for the results with Z = 0.010 
(Z = 0.020). Actually both models yield very similar colour-colour curves. 
Solid circles represent the conditions for the case of Z = 0.020 given in 
Table 3 for which labels to the left-hand side are their ages (in Gyr). Hollow 
circles stand for the conditions corresponding to the case of Z = 0.010 given 
in Table 2 for which labels to the right-hand side (in italics) are their ages 
(in Gyr). The best fit corresponding to the WDin PSR JI713+0747 system 
is shown with an open circle located approximately at (B — V) = 1.1 and 
(V — I) = 1.4, while the observational data given in Lundgren et al. (1996) 
is shown with a solid dot with its corresponding error bars. For comparison, 
we have also included data corresponding to DA and non-DA WDs (denoted 
with hollow stars and hollow squares) given by Bergeron et al. (2001) and 
McCook & Sion (1987). The value of (B — V) corresponding to the best fit 
is compatible with the lower limit given by Lundgren et al. (1996); however 
(V — I) is too high for hydrogen atmospheres.
opacity. (V — I) 1.5 represents an extreme upper limit for WDs 
with hydrogen-rich atmospheres (e.g. Rohrmann et al. 2002). It is 
therefore somewhat disturbing that the (V — I) index observed by 
Lundgren et al. (1996) is too red compared with rich-hydrogen en­
velope predictions. The origin of this discrepancy is unknown. It 
could be due to a missing opacity source in the WD atmosphere 
itself or a non-hydrogen-rich composition. Additional observations 
are necessary to disentangle this issue.
We can convert the observed magnitudes (in) into fluxes (/"') 
and compare the resulting energy distributions with those predicted 
from our model atmosphere calculations. The average flux and the 
magnitude for each passband is related in the form
in = -2.5 log - c,„ ,
with c,„ being a calibration constant. The Eddington flux at the stellar 
surface H™ is evaluated from the relation
/; =4W(|)
where R/D is the ratio of the radius of the star to its distance from 
the Earth. We use the filter transmission curves given in Bessell 
(1990), the parallax distance of D = 1.1 ± 0.1 kpc (from pulsar 
timing), averaged values of the interstellar extinction (Burstein &
Figure 7. The evolutionary tracks of the models considered in this paper as 
representative of the WD in PSR J1713+0747 systemin the (V — I) versus 
My plane. Lines, labels and symbols have the same meaning as in Fig. 6. 
Notice that, while the My is very well accounted for by our models. (V — I) 
is far higher than the values predicted by almost pure hydrogen atmospheres.
Heiles 1982), and the radius derived from our evolutionary mod­
els R = (1.90 ± 0.05) x 10 2 Rq (over a range of temperatures 
Teff < 5000 K).3 The computed fluxes are shown in Fig. 8. These val­
ues confirm that the binary companion apparently exhibits a strong 
infrared flux excess (or a blue deficiency).
The photometric spectrum was fitted using the evolutionary se­
quences at Z = 0.010 and 0.020 (their surface gravities differ by 
less than 0.1 per cent for the temperature range of interest). The 
results are presented in Fig. 8 and listed in Table 4. A good fit to 
the energy distribution of the WD companion cannot be achieved 
with a unique effective temperature. The flux at the V band can be 
represented by a model with TeS = 3670 ± 280 K. which also fits 
the upper limit detected for the B band. However, for the I filter we 
obtain TeS = 4320 ± 180 K. These solutions, which differ quan­
titatively by 650 K. fall within the range of previous temperature 
evaluations: Teii = 3700 ± 100 K [Lundgren et al. 1996, based on 
a temperature calibration of ( V — I ) colour determined by Monet 
etal. 1992], reff = 3430 ± 270 K( Hansen & Phinney 1998, based on 
blackbody fits toHST data) and Teff = 4250 ± 250 K (Schonberner, 
Driebe & Blocker 2000, from evolutionary WD models).
The relation between photometric data and effective temperature 
of the WD can be appreciated in Fig. 9. There, broad-band colours 
and absolute visual magnitude of the observed star (dashed vertical 
lines) are compared with predictions from present evolutionary cal­
culations (solid line), blackbody approximation (dotted line), and 
pure helium broad-band colours of Bergeron. Saumon & Wesemael 
(1995) for log g =7.0 and7.5 (dashed lines). Absolute magnitudes 
derived for helium models were evaluated using a radius of R = 
1.9 x I02 Rq and bolometric corrections (BCs) provided by those 
authors. The (V — I) broad-band colour yields a temperature es­
timate of 3450 K when a blackbody spectrum is assumed, which
3 The WD radius is nearly constant at advanced cooling stages.
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Figure 8. Energy distribution of WD model atmospheres with Teft = 4320 
and 3670 K (continuous lines) and the blackbody spectra at these tempera­
tures (dashed lines). The photometric observations are represented by tilled 
circles. Continuous error bars include uncertainties in stellar radius and pho­
tometric data only. Dotted error bars includes the parallax error also.
Figure 9. Effective temperature versus absolute magnitude and colours. 
Solid lines denotes the cooling WD track with hydrogen-rich atmospheres 
predicted for the MSP companion. The solid V — I curve turns to the left­
hand side at low temperatures due to the molecular hydrogen opacity. Dotted 
lines represent blackbody solutions, and dashed lines correspond to helium- 
pure atmosphere at logg = 7.0 and 7.5 taken from Bergeron et al. (1995). 
Vertical dashed lines correspond to the observed values for the companion 
of pulsar JI 713+0747 (the WD absolute magnitude is based on the distance 
inferred from the dispersion measure). We denote with a shaded area the 
range compatible with the photometric data.
is considerably lower than the temperature derived from the My (it 
(-«TOGO K). Hydrogen-rich atmospheres of WDs deviate strongly 
from the blackbody approximation at low TeS as the opacities be­
come dominated by molecular hydrogen. The observed (V — I) 
colour is far off the hydrogen sequence as shown in Fig. 9 (middle 
panel), whereas the My (it indicates a temperature of approximately 
3700 K. On the other hand, the observed BVI magnitudes can be 
understood with a helium-pure atmosphere if TeS 4250 ± 300 K. 
All cases fall within the limit observed for the (B — V) colour.
This exercise shows that the effective temperature of the WD com­
panion of PSR J1713+0747 should be between 3700 and 4300 K. 
Taking into account the uncertainties in the photometric data (its. 
we finally adopt Teg = 4000 ± 400 K as a conservative solution 
based on HST observations. Consequently, using the Teff-radius re­
lation of our evolutionary calculations, we determine a luminosity 
in the range —3.92 > log (L/Lq ) > —4.29. As shown in Fig. 1. the 
detected optical counterpart lies on the calculated cooling tracks. 
Furthermore, for the case of Z = 0.010 the cooling age deduced 
from our models is 9 ± 2 Gyr. If we consider that the star ends its 
initial RLOF with an age of 1.99 Gyr. we find that the WD has spent 
7 ± 2 Gyr in evolving since detachment, which is in excellent agree­
ment with the pulsar’s characteristic age! However, for Z = 0.020 
our models indicate that the star needs 13.5 ± 2Gyr in evolving 
up to the present stage. For this metallicity, detachment occurs at 
2.73 Gyr. Then, the star would have needed 10.8 ± 2 Gyr to cool 
which is a larger time-scale than the characteristic age of the pulsar.
Table 4. WD model atmospheres for the optical observations by Lundgren 
et al. (1996).
Teff (K) log(L/Lo) logg My (B - V) (V - I) BC
4320 -3.95 7.373 15.032 0.932 1.218 -0.415
3670 -4.23 7.387 15.689 1.085 1.377 -0.364
This fact indicates that the donor star very likely has a metallicity 
Z«s 0.010.
4 DISCUSSION AND CONCLUSIONS
In this paper, we have computed a set of binary evolutionary tracks in 
order to account for the main characteristics of the PSR JI 713 +0747 
system. We did so with a binary stellar evolution code including a 
non-grey treatment of the atmospheric layers.
Thanks to the high accuracy of the timing of this MSP. it has been 
possible to measure the general relativistic Shapiro delay effect to 
derive separate values for the masses of the WD and the NS. Starting 
out from this fact, we performed a numerical experiment in which 
we computed the full evolution of the system in order to account for 
the masses and orbital period of the system and then considered the 
evolutionary status of the WD. Notice that the pulsar should have a 
characteristic age equal to the age of the WD counted since the end 
of the initial RLOF (see Section 1 for further details). Thus, at the 
characteristic age of the pulsar, the WD should resemble the object 
observed by Lundgren et al. (1996).
We found that a system with initial masses of M = I.5Mq. 
Mns = 1.4 Mq for the normal (donor) star andNSs (respectively) in 
which the NS is able to accrete a fraction ft = 0.10 of the transferred 
mass (the mass lost from the system is assumed to carry away a 
specific angular momentum equal to that of the NS) accounts for 
the PSR J1713+0747 system if Z = 0.010 and Pi = 3.05 d or Z = 
0.020 and Pi = 3.10 d. We did not try to compute detailed models 
with lower initial masses, because in such a case, the WD would 
need to spend a time in excess of the age of the Universe in evolving 
to the observed configuration. Also, at longer initial periods, models 
would undergo a common envelope episode because of the very deep 
outer convective zone of the donor star at the onset of the RLOF.
In our opinion, it is remarkable that the model with Z = 0.010 
accounts for the masses, the orbital period of the system and the 
brightness of the WD observed by Lundgren et al. (1996) at the 
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correct age. We consider it as a successful fit which, in turn, indicates 
that the stellar evolution processes relevant for the present system 
are fairly well known. Notice that we would have been able to predict 
the absolute magnitude of the WD in PSR JI 713 +0747 system with 
a reasonable accuracy. Our models fit the main characteristics of the 
WD at the age corresponding to r PSR = 8 Gyr given by Splaver et al. 
(2005). Consequently, we do not find evidence for a faster cooling 
as in Hansen & Phinney (1998).
However, as our models predict pure hydrogen atmospheres, they 
are unable to reproduce the colours measured by Lundgren et al. 
(1996) within the error bars of the observations. In any case, we 
should remark that this discrepancy is moderate since theory and 
observations differ by less than 3cr. Moreover, the available pho­
tometric data are not yet accurate enough to determine a precise 
effective temperature and atmospheric chemical composition of the 
WD companion of the pulsar. In order to get a deeper understand­
ing of the evolution of this system, it would be essential to perform 
new spectroscopic and photometric observations. Particularly, in­
frared observations can offer much extra information and may help 
to constrain this binary further.
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